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Abstract

The friction factor k(Re) and the mean velocity U+ = f(y+) measurements of Nikuradse [J. Nikuradse, Gesetzmässigkeiten der tur-
bulenten Strömung in glatten Rohren, Forschg. Arb. Ing.-Wes. No. 356 (1932); J. Nikuradse, Strömungsgesetze in rauhen Rohren, For-
schg. Arb. Ing.-Wes. No. 361 (1933)] of fully developed turbulent flows in smooth and rough pipes are of vital consideration since they
provided the data by which established theories have been developed in the last few decades. The pressure gradient and the resultant
friction factor of Nikuradse’ smooth pipe agree well with the authors’ own results. On the other hand, the Nikuradse’s corresponding
mean velocity profile measurements show differences from measurements presented in this. The differences might be attributed to the
state of Nikuradse’s flow at the location of velocity profile measurements in addition to differences in the applied measuring techniques.
It is concluded that pitot tubes do usually not have the needed spatial resolution in the near-wall region and produces therefore velocity
overshoots under y+ = 300 when used in turbulent pipe shear flows. Hence, when the lower limit for the log-range starts at y+

6 50,
which was common for almost all previous work up to the late 1990s, a higher value for the so-called von Kármán constant (j) of
the logarithmic velocity profile resulted. In addition to pitot tube velocity measurements, hot-wire measurements are provided, showing
that the slope (i.e., 1/j) of the logarithmic velocity profile is inconsistent with value deduced from the k(Re) measurements performed by
the authors. Nikuradse’s pitot tube velocity data also yield log law constants that are not reflected by their corresponding pipe friction
measurements. However, the authors observed that the hot wire and pitot tube results are about the same if the inner limit of the log
range of the logarithmic velocity profile is y+ P 300 and the effect of the mean shear gradient is minimal under the same condition.
� 2007 Elsevier Inc. All rights reserved.
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1. Introduction and aim of work

It is occasionally claimed that the data published by
Nikuradse for turbulent smooth pipe [19] and turbulent
rough pipe [20] flows are somewhat inconsistent (see, e.g.,
Hinze [14], and Zagarola and Smits [32]). However, seeking
more details about this claim, one obtains very little and
imprecise information as to where these inconsistencies
lie. This is the current situation, although Nikuradse’s pipe
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flow experiments still represent the most extensive study of
the mean flow properties of turbulent pipe flows over a
wide range of Reynolds numbers. Nikuradse’s turbulent
pipe flow investigations led the present authors to look
more closely at his paper published in 1932 and encouraged
them also to investigate turbulent smooth pipe flows fur-
ther. Nikuradse [19,20] documented impressive investiga-
tions into basic turbulent flows, often employed to study
turbulence, showing good data for the mean pressure gra-
dient and pitot tube measurements of the mean velocity
distributions in pipe flows over a wide range of Reynolds
numbers. Data are available from Nikuradse’s experiments
ion and mean velocity profiles of fully developed ..., Exp. Therm.
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up to high Reynolds number, Re 6 3.2 · 106, and his
experimental test rig and the measuring procedures
employed were described with care so that one can assess
both the performance of his equipment and also the accu-
racy of his data. In spite of the care taken, the reported
mean velocity distributions seem to show inconsistency
with respect to the corresponding friction data calculated
from the mean pressure gradient measurements, and this
is detected when accurate values for the constants of the
log law are deduced. One of the major problems with Nik-
uradse’s experiment was his definition of the minimum
entrance length (L), needed to assure the state of the fully
developed flow before his velocity profiles’ measuring sta-
tion. Nikuradse [19] concluded, by comparing the mean
velocity profiles at successive streamwise distances from
the pipe inlet, that flow was fully developed between 25
and 40 of pipe diameter (D), which was not enough to
assure good mean flow data in all respects. For instance,
Abell [1] recommended an entrance length between 71.9D

and 86.2D, when flow was tripped at the pipe entrance to
obtain a good state of fully developed flow, see also Patel
and Head [24]. More recently, Zagarola and Smits [32]
found that an entrance length of 160D, without tripping
the flow at the pipe inlet, is needed to assure the fully devel-
oped state of turbulence in the pipe flow. Therefore, Nikur-
adse’s short entrance length might be one reason for the
claim of the higher values of both the von Kármán con-
stant, j, and the additive constant, B, in the logarithmic
velocity distribution deduced from not fully developed
mean velocity measurements. It is also shown in this paper
that a discrepancy appeared was caused by the diameter of
the pitot tubes that Nikuradse employed, in addition to
assumptions used to derive the logarithmic friction rela-
tionship by Prandtl [27]. Although the pitot tubes used
by Nikuradse were small in absolute size, they were large
in terms of wall units, m/us, especially for the very high Rey-
nolds numbers in his investigations, and the applied correc-
tions are known to not completely eliminate the influence
of the pitot tube diameter.

In the present paper, Nikuradse’s pipe flow measure-
ments are considered in detail and compared with the pres-
ent authors’ corresponding results. The latter were
obtained by means of both pitot tube and hot-wire ane-
mometry. The later method was employed to yield the
locality of the mean velocity measurements needed to
deduce correctly the von Kármán constant, j, and the
additive constant, B, in the logarithmic velocity profile.
The present paper shows that the authors’ U+(y+)-mea-
surements resulted in j and B values that are not consistent
with values deduced from the k(Re) relationship which also
embraces Nikuradse’s k(Re) results. To prove the cause of
Nikuradse’s inconsistency in the j value deduced from the
U+(y+) and from the friction measurements (i.e., k(Re)-
data), the present authors repeated some of Nikuradse’s
pitot tube measurements in their pipe flow test facility.
The resultant data showed velocity overshoot, i.e., higher
values for the mean velocity in the region close to the pipe
Please cite this article in press as: E.-S. Zanoun et al., Wall skin frict
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wall since the U+(y+) values represent mean velocities that
are obtained through integrations over the Dy+ range
defined by the normalized pitot tube inlet diameter within
the wall shear layer. Using the hot-wire anemometry
results, it is shown that the deduction of the log law con-
stants, i.e., j and B, from the normalized mean velocity
can be obtained accurately. However, if points on the
velocity profile measurements that do not belong to the
region where the logarithmic velocity profile holds are
taken into account, the deduced values of both j and B

are wrong. Characteristic functions are used to deduce
the region of the velocity profile that is well described by
the log law and it is stressed in the paper that only points
from this region should be used to derive both constants.
This finding and other observations made during the mea-
surements encouraged the authors to suggest a sequence of
measurements and data evaluations for investigating fully
developed turbulent pipe flows.

In Section 2, a summary of the scaling laws for the mean
flow properties of fully developed turbulent pipe flow is
given. Section 3 describes the test rig and its functioning
and the measuring techniques employed. Section 4 reports
the mean pressure gradient and cross-sectional averaged
velocity measurements that were used to deduce friction
factor data. In Section 4, the mean velocity measurements
utilizing the hot-wire anemometry are also reported to
yield j and B in the logarithmic velocity profile. In Section
5, Nikuradse’ skin friction data and the corresponding data
of the authors are addressed and discussed. Finally, the
paper suggests consistency checks of the measured k(Re)
distribution and the mean velocity data, showing differ-
ences when used to derive information about the constants
of the logarithmic velocity profile. Conclusions and final
remarks are given in Section 6.
2. Scaling laws for pipe flow

Axisymmetric, fully developed, turbulent pipe flow is
one of the most reproducible flows in the laboratory for
wall-bounded shear flow investigations. It is also consid-
ered to be important in practice owing to its wide applica-
tions. Therefore, this classical type of flow has attracted the
attention of a large number of researchers. In spite of this
fact, the issue of the wall functional relations, at high
enough Reynolds numbers, is still a mysterious problem
in turbulent pipe flows. To resolve this problem, the exact
streamwise mean momentum equation for fully developed
pipe flow is considered and written in the following simpli-
fied form

�quvþ l
dU
dy
¼ 1

2
y � Rð Þ dP

dx
; ð1Þ

and the viscous force, 2pqðusÞ2, is balanced by the mean
pressure force, i.e.

2pRqu2
s ¼ �pR2 dP

dx
; ð2Þ
ion and mean velocity profiles of fully developed ..., Exp. Therm.
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results in the mean momentum equation in pipe flow to be
rewritten as

�quvþ l
dU
dy
¼ q 1� y

R

� �
u2

s : ð3Þ

where R is the pipe radius. This form of the mean momen-
tum equation for two-dimensional pipe flow needs to be
supplied with closure assumptions regarding the turbulent
momentum transport term �quv to be solved for the mean
velocity distribution. There are some classical and recent
methodologies for modeling �quv (see, e.g., Boussinesq
[4], Prandtl [25,26], Taylor [29], von Kármán [31], Deissler
[9], and Panton [23]) as far as the mean properties of the
fully developed turbulent pipe flow are concerned to obtain
information about the mean velocity profile, i.e.,

dUþ

dyþ
¼ 1� yþ

Rþ

� �
� ð�uvþÞ ) Uþ

¼
Z Rþ

0

1� yþ

Rþ

� �
� ð�uvþÞ

� �
dyþ; ð4Þ

where the normalization of all terms in Eq. (4) was carried
out with the following characteristic velocity, length and
time scales:

uc ¼ us ¼
ffiffiffiffiffiffiffiffiffiffi
sw=q

p
; lc ¼ m=us; tc ¼ m=u2

s : ð5Þ

R+ is called the Kármán number and is defined as
R+ = usR/m. Considerations suggested that the data to be
measured to analyze flow described by Eq. (3) should be
either dU/dy or �quv. To measure or model �quv in the
region where it is the much larger term in Eq. (3) is not
the right way for U(y) to be deduced correctly from
Eq. (4), since a small error in the �quv will yield a large
error in the deduced U(y) distribution (see, e.g., Laufer
[16] and, more recently, Gad-el-Hak and Bandyopadhyay [12]).

Integrating Eq. (4) results in the logarithmic velocity
profile which is usually considered to be valid in the inertial
sub-layer where yus/m� 1 and y/R� 1, as proposed by
Prandtl [25,26], von Kármán [31] and Millikan [18]:

U
us
¼ 1

j
ln

yus

m

� �
þ B; ð6Þ

where j is the von Kármán constant and B is an additive
constant. These constants are claimed to be universal.
However, a wide scatter around the most accepted values,
i.e., j = 0.4 and B = 5.5, was found in the literature, see
Zanoun et al. [33,34] for more details.

Utilizing the logarithmic velocity profile, i.e., Eq. (6), the
bulk flow velocity can be defined as follows:

U b ¼
1

pR2

Z R

0

2pðR� yÞUdy; ð7Þ

U b

us
¼ 1

j
ln

Rus

m

� �
� 3

2j
þ B: ð8Þ

Rearranging Eq. (8) results in the following logarithmic
friction relation for flow in pipes:
Please cite this article in press as: E.-S. Zanoun et al., Wall skin frict
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ffiffiffi
8

k

r
¼ 1

j
ln Re

ffiffiffiffiffi
k

32

r !
� 3

2j
þ B: ð9Þ

Based on the smooth wall pipe flow data of Nikuradse [19],
Prandtl [27] adapted the constants of Eq. (9) to read as:ffiffiffi

1

k

r
¼ 2 log Re

ffiffiffi
k
p� �

� 0:8; ð10Þ

which is known as the universal friction law for hydrauli-
cally smooth pipe flows. More details about Eqs. (9) and
(10) are presented and discussed in Section 5.
3. Test section and measuring equipment

3.1. Test section

To clarify the inconsistency of the log law constants
obtained from Nikuradse’s wall friction and mean velocity
data in smooth pipe flow, the authors carried out their own
pipe flow experiments. The investigations were carried out
at LSTM-Erlangen using the pipe test facility shown in
Fig. 1. The actual air flow was provided by a centrifugal
blower which had a maximum capacity of 10 m3/s and
was powered by a 20 kW motor. The blower outlet was con-
nected to a well-designed settling chamber to ensure the uni-
formity of the flow entering the pipe test section. After the
outlet of the blower, the first essential flow control device
was located, consisting of two perforated plates with 52%
solidity, having square openings of 10 · 10 mm2. The perfo-
rated plates were separated in the flow direction by a 30 cm
distance from the blower and from each other. The second
passive flow control device in the plenum chamber was a
flow straightener ‘‘honeycomb’’ with a mesh size of 8 mm
diameter and 160 mm total length of the tubes. These pas-
sive flow control devices inside the plenum chamber were
located in such a way as to yield a well-controlled inlet flow
to the pipe test section. The entire flow was setup in accor-
dance with suggestions made by Loehrke and Nagib [17].

The pipe flow rate for each investigated Reynolds num-
ber was controlled by changing the speed of the plated
rotor of radial blower blades by means of a frequency con-
verter control unit, providing impeller rotational speeds in
the range of approximately 100–2000 rpm. These settings
corresponded to a mean velocity range of the pipe flow
from 2 m/s to 50 m/s with a centerline turbulence level of
less than 0.3% at the axis of the pipe inlet cross-section.
The authors used a special Venturi flow nozzle at the inlet
of the settling chamber for measuring the mean volume
flow rate and consequently the bulk flow velocity through
the pipe test section for each investigated Re. In addition,
the bulk flow velocity was obtained by integrating the
velocity profile at the measuring station to ensure a good
assessment of the bulk air velocity, Ub, as the time and area
averaged velocity for each Re case. Good agreement of
about ±1% was achieved for the average velocity from
the Venturi nozzle and the bulk air-flow velocity was then
ion and mean velocity profiles of fully developed ..., Exp. Therm.
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Fig. 1. Sketch of the pipe flow test section showing the temperature, pressure, velocity measuring equipment and tripping device.
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used to compute the bulk Reynolds number of the flow,
Re = UbD/m. A medium range of Reynolds numbers up
to Re � 4.5 · 105 was set up in this way.

The pipe test section was made of a high-precision
smooth brass tube with a surface roughness measured accu-
rately to have a mean value of ra = ±0.25 lm, which, in
terms of wall units, was less than 0.03 for the higher inves-
tigated Reynolds number. The pipe was therefore consid-
ered to be hydrodynamically smooth at all Reynolds
numbers considered. The geometric dimensions of the pipe
showed an internal diameter, D, of 148 mm and a length of
14 m, providing L/D � 95. The pipe consisted of three sec-
tions, two with a length of 5 m per each and the third with
a length of 4 m, connected together by custom-designed
couplings. A schematic diagram of the pipe test section
was shown in Fig. 1 where all velocity profiles measure-
ments were taken at L/D = 85. A two-cubic arc inlet nozzle
to the pipe was made out of hard wood having a circular
cross-section and a contraction ratio of 11.4. This nozzle
was used between the plenum chamber and the pipe test sec-
tion to assure a smooth pipe inlet flow. An inlet fence (ori-
fice) was employed at the actual pipe inlet to trigger the
turbulence development along the initial test section of the
pipe. To study the effect of the inlet fences, different fences
were mounted, individually at the pipe entrance, i.e., at
L/D = 0, with a height of d/D = 10%, 20%, 30% and 40%
area blockage to trigger the flow over the circumference of
the pipe cross-section. This was studied to yield the effect
of flow tripping on the friction factor and the mean velocity
profiles. However, for the final measurements d/D = 10%
was chosen. The height of this tripping fence, i.e., d/D =
10%, was found to be enough according to intensive mea-
surements by Fischer [11] to ensure a well-tripped turbulent
pipe flow at the measuring location. It was ensured that tur-
bulent flow properties were well reached at the measuring
station, i.e., at L/D = 85, where all measurements are
reported. This was in agreement with Patel and Head [24]
Please cite this article in press as: E.-S. Zanoun et al., Wall skin frict
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who concluded that both the mean and the fluctuating
velocity distributions in a turbulent pipe flow indicate a full
development state for a downstream distance of 50–80D.
This was confirmed in the present measurements and there-
fore the present measurements were taken at L/D = 85.

At each x-location, for pressure measurements in the
streamwise direction, three static pressure taps of 400 lm
diameter were carefully installed around the circumference
of the pipe. The mean static pressure at each x-location was
obtained by averaging measurements of the three pressure
taps. Away from the pipe entrance, the mean pressure gra-
dient needed for estimating the wall skin friction was
obtained from ten different pressure locations, all being
1 m apart from each other (see Fig. 1). The distance of
x/D = 24 from the inlet was found to be sufficient to ensure
full development of flow pressure. Observations, made also
by Patel and Head [24], indicated that the mean pressure
gradients showed an earlier state of full development at dis-
tance between 10 and 20D from the pipe inlet test section.
The last location for wall pressure measurements where
also the authors’ hot-wire and pitot tube measurements
were carried out was far enough away from the pipe outlet,
i.e., Dx/D = 10, to ensure that there were no outlet distur-
bances to the investigated flows. Care was taken also to
ensure that the inner surface of the pipe, where the pressure
holes were drilled, was free from remaining drilling defects
of the holes (i.e., smoothness was insured around the pres-
sure tappings from the inner side of the pipe surface).
Hence, as the above description shows, the test facility
was designed and built carefully to carry out fully devel-
oped turbulent pipe flow measurements over a medium
range of Reynolds numbers.

3.2. Measuring techniques

Streamwise mean pressure gradient measurements were
carried out to deduce from them the wall shear stress, sw,
ion and mean velocity profiles of fully developed ..., Exp. Therm.
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for each investigated Re of the flow. A precise pressure
transducer was employed for pressure measurements at
each downstream location having an accuracy of ±0.25%
of the actual readings. All pressure measurement points
were connected to a scannivalve to facilitate switching from
one point to another and the corresponding static pressure
was then measured and recorded for the different air flow
velocities, corresponding to different Re. Utilizing the
results of the pressure measurements and the correspond-
ing air stream temperature in the pipe, both the air density
and kinematic viscosity were calculated using the ideal gas
relationships and Sutherland’s correlation; see Section 4.

Local mean static pressure measurements were
employed to evaluate the streamwise pressure gradient,
dP/dx, which in turn was employed to obtain the wall
shear stress, sw, and then the wall friction velocity, us. As
a result, the wall skin friction data were computed, inde-
pendently of the mean velocity profile measurements, i.e.,

k ¼ � dP
dx

D

1=2qU 2
b

and

sw ¼ �
R
2

dP
dx
) k ¼ 8

us

Ub

� �2

; where us ¼
ffiffiffiffiffi
sw

q

r
: ð11Þ

Two temperature sensors were used to measure the tem-
perature within an accuracy of ±0.05 �C. One position was
close to the pipe inlet, i.e., close to the exit of the settling
chamber, and the other was close to the pipe outlet, i.e.,
x/D = 2.5 (see Fig. 1). The ambient conditions were moni-
tored in the laboratory and reported for each test run using
an electronic barometric sensor. All electronic equipment
were connected to a 16-bit A/D DAQ card having 8 chan-
nel inputs. In addition, a computer-based programming
system was used for acquiring and processing all the data
measured.

The velocity profile measurements were carried out
using both a pitot tube and a DANTEC 55M10 con-
stant-temperature anemometer. Hot-wire measurements
of the local velocity were made utilizing a boundary layer
probe equipped with a 5 lm diameter wire and 1.25 mm
an active wire length, providing an aspect ratio, l/d, of
250. Hence the wire had a sufficiently large aspect ratio
to suggest a negligible influence of the prongs on the
actual velocity measurement. All calibrations and measure-
ments were performed with an 80% overheat ratio, a ¼
ðRw � RaÞ=Ra, where Rw is the operational hot-wire resis-
tance and Ra is the resistance of the cold wire, i.e., at
ambient air temperature. A correction for temperature drift
was taken into account for unavoidable temperature
changes of the working air during calibrations and mea-
surements, see, e.g., Bearman [3], Bremhorst [5] and Cro-
well et al. [8]. In the present study, an instantaneous
correction for the hot-wire output was carried out for
the case that a small, i.e., DT 6 0.3 �C, temperature drift
existed.

The pitot-probe velocity measurements were made by
traversing a total-head probe of 1 mm inner diameter over
Please cite this article in press as: E.-S. Zanoun et al., Wall skin frict
Fluid Sci. (2007), doi:10.1016/j.expthermflusci.2007.04.002
the pipe cross-section. The pitot probe was designed
according to the recommendations of Bryer and Pankhurst
[6] and Sami [28]. Among other things, the inner diameter
of the pitot probe was chosen to be half of the outer diam-
eter. To obtain the dynamic head for velocity calculation,
the pipe wall static pressure was measured at a distance
of 6 times pitot diameter in the downstream direction of
the pitot tube inlet. The outlet of the pitot tube was then
connected to a precision pressure transducer operated via
the data acquisition system. Using the incompressible Ber-
noulli equation, the pitot probe measurements were con-
verted to velocity.

The wall distance measurements were of vital impor-
tance in the present work and therefore great care was
taken to ensure a precise location of the hot wire and the
pitot tube at a reference distance from the wall. To position
the hot wire, a calibration positioning procedure proposed
by Bhatia et al. [2], and Durst et al. [10] was applied. In
addition, the zero position of the pitot probe was specified
by measuring the resistance between the pipe wall and the
body of the pitot probe. The absolute error in positioning
both the hot wire and the pitot probe was found to be less
than ±5 lm.
4. Experimental results and discussion

4.1. Pressure measurements and friction factor

The local skin friction is an essential quantity for inves-
tigating wall-bounded shear flows to represent data in a
normalized form as U+(y+) profiles. For instance, precise
estimation of the parameters of the logarithmic velocity
profile requires accurate values for the wall shear stress
measured independently from the mean velocity measure-
ments. In pipe flows, the mean pressure gradient, dP/dx,
measurements provide a simple and accurate method to
obtain the wall shear stress, sw, which in turn was
employed to calculate the wall friction velocity, us, utilizing
Eq. (11). In addition to the mean pressure gradient mea-
surements, the bulk flow velocity for each set of measure-
ments was obtained by measuring the dynamic pressure
through an inlet nozzle to the settling chamber where a uni-
form and well-defined flow field existed.

Simultaneously with the mean pressure measurements,
and corresponding to the air stream temperature in the
pipe test section, the air density and kinematic viscosity
were calculated for the purpose of normalization using
the following relations for density:

q ¼ P atm þ P st

RT
; ð12Þ

and the well-known Sutherland’s correlation for the kine-
matic viscosity:

m ¼ 1:458� 10�6 T 3=2

qðT þ 110:4Þ ; ð13Þ
ion and mean velocity profiles of fully developed ..., Exp. Therm.
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where Patm is the atmospheric pressure, Pst is the static
pressure and R = 279.1 J/kg K is the specific constant for
air employed in the ideal gas law.

Utilizing the mean pressure gradient measurements in
connection with the bulk flow velocity, the pipe wall fric-
tion data were obtained independently of the velocity pro-
file measurements. However, it is customary to express the
flow pressure drop measurements in terms of the friction
factor, i.e., in the form of k versus Re, instead of the wall
friction velocity as expressed in Eq. (11). Fig. 2 shows,
therefore, a comparison between the present pipe friction
data and the data extracted from the literature. Good
agreement was observed when the present data were com-
pared with those of Zagarola and Smits [32] and also with
Prandtl’s relation (i.e., Eq. (10)). It is worth mentioning
that the present pipe wall friction data were obtained for
different heights of the tripping device employed. The resul-
tant friction factors obtained through these measurements
compare well with the data reported by Nikuradse [19],
showing that the height of the tripping fence has basically
no influence on the pressure and the bulk velocity readings
employed to compute the friction factor plotted in Fig. 2.
Hence all fully developed measurements of the mean veloc-
ity were performed utilizing 10% tripping, see, Fischer [11],
for all further investigations using the hot-wire anemome-
try and the pitot tube.
4.2. Mean velocity profile and log law constants

It is common in the fluid mechanics community to
divide the flow field of wall-bounded flows mainly into
two different regions, i.e., an inner and a core regions,
see, e.g., von Kármán [31] and Prandtl [26]. As a result, a
number of proposed velocity distributions can be found
in the literature and can be used either in the inner or the
core region. Among these laws are the logarithmic law
and the power law that can be utilized to represent the
Fig. 2. Present pipe friction factor over an intermediate range of Reynolds
numbers compared with literature values.
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mean velocity measurements over part of the pipe cross-
sectional area, e.g., in the overlap region. For the logarith-
mic representation of the mean velocity distribution, the
so-called von Kármán–Prandtl universal log law was sug-
gested, taking the following well-known form:

Uþ ¼ 1

j
ln yþ þ B; ð14Þ

where j and B are assumed to be universal constants, i.e.,
independent of Re in the limit of infinite or high enough
Re.

A Reynolds number-dependent power law is an alterna-
tive representation of the mean velocity profile in the over-
lap region that was proposed by Millikan [18] and more
recently by Wosnik et al. [35], written in the following
form:

Uþ ¼ Cyc; ð15Þ

where C and c are empirically determined parameters,
which are often assumed to be Reynolds number depen-
dent; see, e.g., Clauser [7].

Recently, it was observed that the estimation of the log
law parameters is sensitive to the log range, i.e., the wall-
distance of the data employed for the overlap region. Only
from the mean velocity distribution U = f(y+), it becomes
not clear how to directly identify the appropriate log range
for the logarithmic velocity profile, see, e.g., Österlund
et al. [21], Zanoun et al. [34]. To clarify this point, the mean
velocity profiles of Nikuradse [19] scaled with the inner
wall variables, us, and lc = m/us, are presented in Fig. 3
and fitted to the above scaling laws over a wide range of
Reynolds numbers.

Utilizing the normalized mean velocity distribution,
Nikuradse [19] claimed that when data points near the pipe
Fig. 3. Representation of the logarithmic velocity profile based on results
from Nikuradse [19] in smooth pipe flow over a wide range of Reynolds
numbers.

ion and mean velocity profiles of fully developed ..., Exp. Therm.



Fig. 4. Distribution of the local diagnostic functions for the mean velocity
profiles from Nikuradse [19] in smooth pipe flow experiments.
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centerline were taken into consideration the logarithmic
velocity profile reads as

Uþ ¼ 5:75 logðyþÞ þ 5:5; ð16Þ

i.e., j = 0.4 and B = 5.5 [slope (1) in Fig. 3]. On the other
hand, he claimed that when data points near the pipe wall
are considered, the logarithmic velocity profile took the fol-
lowing form

Uþ ¼ 5:52 logðyþÞ þ 5:84; ð17Þ

i.e., j = 0.417 and B = 5.84 [slope (2) in Fig. 3].
As a consequence, from Fig. 3 one can see that Nikur-

adse’s analysis for U+ = f(y+) to obtain accurate values
for the constants of the logarithmic velocity profile seems
not to be an appropriate approach. Hence, directly from
the mean velocity distribution, i.e., U+ versus y+, one can-
not obtain the final answer regarding exact values for both
the von Kármán constant and the additive constant. For
instance, the higher value that Nikuradse recommended,
i.e., j = 0.417, came out as a result of including his velocity
overshoot data for y+

6 600 into the logarithmic velocity
profile, see Fig. 3. On the other hand, by avoiding data
under y+ = 600 and considering data points near the pipe
centerline he obtained a lower value for the von Kármán
constant, i.e., j = 0.4.

Moreover, based on the mixing length principle, Nikur-
adse found a value of 0.38 for velocity data of Re > 105

which is in very close agreement with values obtained
recently by Österlund et al. [22] and Zanoun et al. [34].
The log line of Zanoun et al. [34] was added to Fig. 3
and it was found to represent well the pipe data of Nikur-
adse even beyond the outer limit (i.e., y+ = 0.2 R+) of the
log range. It is worth noting that the log line proposed
by Zanoun et al. [34] fits Nikuradse’s data better than both
lines suggested by Nikuradse [19] either with slope (1) or
slope (2). Moreover, Nikuradse [19] obtained a value of
0.4 for the von Kármán constant for Re < 105 also based
on the mixing length principle. The different values
obtained from the smooth pipe flow data by Nikuradse
[19] are ample justifications for the present authors’ argu-
ments that new pipe flow data are needed to remedy the
unsatisfactory situation with the measured mean velocity
distributions.

In spite of the above observation and the occasional
claim of inconsistency in Nikuradse’s data, the measured
velocity profiles of the smooth pipe flow of Nikuradse [19]
were analyzed by the present authors with respect to the
question of whether the mean velocity profile in the overlap
region behaves in a logarithmic or in a power manner, uti-
lizing the diagnostic functions suggested by Österlund et al.
[22] and Wosnik et al. [35], i.e., N = [y+(dU+/dy+)] and
C = [(y+/U+)(dU+/dy+)], representing the local slope for
the log law and the power law, respectively. It is worth not-
ing that the mean velocity gradient was obtained from the
normalized mean velocity, U+, differentiated with respect
to the normalized wall distance, y+, using the three point
scheme proposed by Grußman and Roos [13]:
Please cite this article in press as: E.-S. Zanoun et al., Wall skin frict
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dUþ

dyþ
¼ yþiþ1 � yþi

yþiþ1 � yþi�1

Uþi � Uþi�1

yþi � yþi�1

þ yþi � yþi�1

yþiþ1 � yþi�1

Uþiþ1 � Uþi
yþiþ1 � yþi

ð18Þ
and N resulted from differentiating Eq. (14), i.e., N = 1/
j = [y+(dU+/dy+)]. Similarly, the function C was obtained
from differentiating Eq. (15). The outcome of differentiat-
ing the mean velocity profiles of Nikuradse [19] is presented
in Fig. 4, showing the local distribution of both diagnostic
functions, N and C, versus the normalized wall distance, y+.
Despite of the wide scatter which can be observed in Fig. 4,
it illustrates a constant behavior of N as a function of the
normalized wall distance (y+) for y+ > 600, extending to
y+ � 0.45R+, corresponding to the highest value of the
Re (i.e., R+ = 55400) achieved by Nikuradse [19], that is
beyond the most commonly used outer limit
(y+ = 0.2R+) of the log range. The constant behavior of
N versus y+ leads to the existence of a logarithmic layer
and supports Millikan’s [18] argument that a logarithmic
velocity profile is expected in high-Re turbulent pipe flows
with a constant value for the von Kármán constant. There-
fore, the logarithmic law was taken to be a good represen-
tation for the mean velocity of Nikuradse [19] measured in
the overlap region of the pipe flow for R+ > 4.5 · 103. On
the other hand, the power-law diagnostic function was
found to decrease monotonically in the overlap region,
and therefore the power law was found to be far from use-
ful for representing the mean velocity profile in the overlap
region. However, a constant behavior for the power-law
diagnostic function was observed for wall distances
y+ < 600 and y+ > 104, proposing power layers in the
near-wall region and close to the pipe center, respectively.

Further processing of Nikuradse’ smooth-pipe mean
velocity profiles is presented in Fig. 5 based on a method
of data analysis, recently, proposed by Zanoun et al. [34]
in the form of ln(dU+/dy+) against ln(y+). The logarithmic
velocity profile was differentiated and arranged to be writ-
ten as
ion and mean velocity profiles of fully developed ..., Exp. Therm.



Fig. 5. Ln(dU+/dy+) versus ln(y+) representation of the mean velocity
gradient of Nikuradse [19] smooth-pipe data over a wide range of
Reynolds numbers using the pitot tube.

Fig. 6. Summary of the von Kármán constant for the logarithmic velocity
profile, based on some individual cases from Nikuradse [19] smooth pipe
flow data.
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Uþ ¼ 1

j
ln½yþ� þ B ! dUþ

dyþ

� �

¼ 1

jyþ
! ln

dUþ

dyþ

� �
¼ � ln½yþ� þ ln

1

j

� �
: ð19Þ

The intercept ln[1/j] in Eq. (19) was then estimated by fit-
ting Eq. (19) to Nikuradse’ smooth-pipe data. The results
presented in Fig. 5 are for the log range starting at
y+ = 600 as an inner limit, extending to y+ = 0.2R+ as
an outer limit, which is widely used and more convincing
for the fluid mechanics community, in spite of the fact that
the log layer could be extended to y+ = 0.45 R+ corre-
sponding to the maximum Reynolds number Nikuradse
achieved in his experiments, i.e., R+ = 55400, see Fig. 4.
The experimental data of Nikuradse plotted in Fig. 5 show
a deviation of 4.5% from the line proposed by Zanoun
et al. [34]:

ln
dUþ

dyþ

� �
¼ � ln½yþ� þ 1: ð20Þ

As a result, the value of the von Kármán constant was
found to be 0.355, which is lower than the different values
obtained by Nikuradse himself, but in good agreement
with a value j = 0.357 obtained from the analysis of Nik-
uradse’s data presented in Fig. 11 in Hinze’s paper (1962)
for Re > 2 · 105, and a value j = 0.36 obtained by Deissler
[9] for the pipe flow. A summary of the values of the von
Kármán constant obtained from the analysis of some indi-
vidual cases of Nikuradse’s pipe mean velocity profiles is
presented in Fig. 6, resulting in a mean value of j = 0.355.

To remedy the unsatisfactory situation with Nikuradse’s
pitot tube data, the present authors carried out their own
pipe flow velocity measurements using two different mea-
suring techniques, namely hot wire anemometry and pitot
tube. The outcome of the measurements using the hot wire
Please cite this article in press as: E.-S. Zanoun et al., Wall skin frict
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and a pitot tube of 1 mm inner diameter is presented in
Fig. 7, respectively. Comparing Fig. 7a and b, one can con-
clude that there is an agreement between the general behav-
ior of both diagnostic functions over the different wall
layers. For wall distances y+ < 300 a power layer was
obtained in both figures since a constant behavior of the
power law diagnostic function, C, was observed. However,
a constant behavior of N was found for the wall interval
300 < y+

6 0.2R+, suggesting that the logarithmic law
describes well the pipe flow data in the overlap region for
R+ > 4.5 · 103. On the other hand, in the core region, the
log law was found to be no longer appropriate since a con-
stant behavior was found for the power law diagnostic
function.

An observation made by Prandtl [27], Tenneks and
Lumley [30], Gad-el-Hak and Bandyopadhyay [12],
Zanoun et al. [34], and more recently Kitoh et al. [15] sup-
ported the conclusion deduced from Figs. 4 and 7 that the
log range could be extended to a wall distance beyond the
most accepted outer limit, i.e., y+ = 0.2R+. Tenneks and
Lumley [30] concluded that it so happens that in the pipe
flow the velocity profile follows the log law closely up to
and somewhat beyond g = r/R = 1/4 (i.e., y+ = 0.25R+),
even though this is well outside the reach of the inertial
sublayer. It was also observed by Zanoun et al. [34] that
the interval over which the log law could be applied
increases slowly with increasing Reynolds number while
the wall interval covered by a Reynolds number-dependent
power law decreases with increase in Re. In spite of the fact
that the log law could be applied up to y+ = 0.25R+, the
present authors limited their analysis to y+ = 0.2R+, which
is widely used and accepted in the literature for two rea-
sons. The first is that the current pipe data are not for high
Reynolds numbers to strongly support extending the log
range beyond y+ = 0.2R+. The second is that researchers
in the fluid mechanics community might think that the
ion and mean velocity profiles of fully developed ..., Exp. Therm.



Fig. 7. Diagnostic functions for the mean velocity profiles from the
present pipe flow measurements using (a) hot wire and (b) pitot tube.

Fig. 8. Ln(dU+/dy+) versus ln(y+) representation of the mean velocity
gradient over a medium range of Reynolds numbers from (a) hot wire and
(b) pitot tube measurements.
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lower value for the von Kármán constant obtained by the
present authors arises because of extending the log range
beyond the wall distance y+ = 0.2R+. As a result, the pres-
ent authors considered the outer limit of the log law to be
0.2R+. However, a short summary for the effect of the
outer limit of the log range on the constants of the logarith-
mic velocity profile is given in Table 1.

The given values for the constants of the logarithmic
velocity profile, i.e., j and B, summarized in Table 1 were
determined based on data presented in Figs. 8 and 9 for the
Table 1
Summary of the log law constants for different log ranges of the
logarithmic velocity profile from present smooth pipe flow facility

HWA Pitot tube HWA Pitot tube

Log range (yþiner–yþouter) 300–
0.15R+

300–
0.15R+

300–
0.2R+

300–
0.2R+

von Kármán constant,
j

0.384 0.39 0.38 0.385

Additive constant, B 4.43 4.67 4.30 4.45
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two different log ranges in Table 1 using both the hot wire
and the pitot tube measuring techniques. The resultant
data led to a logarithmic layer with a value of j = 0.38
when using hot wire anemometry and of j = 0.385 when
pitot tube was utilized for the log range 300 < y+

6

0.2R+. Comparisons of Fig. 8a and b indicates that the
slope of the log line deviates approximately 3.24% and
4.55% from the line proposed by Zanoun et al. [34], i.e.,
Eq. (20), respectively. The small difference between the
hot-wire and the pitot tube data indicates that the mean
shear effect still slightly influences the pitot tube data even
for wall distances y+ > 300, although the pitot tube has a
small diameter in terms of wall units.

Similarly, using the least-square curve fit the additive
constant (B) of the logarithmic velocity profile was evalu-
ated. The mean value of the additive constant, hence was
obtained from the mean velocity profile as described below:
ion and mean velocity profiles of fully developed ..., Exp. Therm.



Fig. 9. Present (a) hot-wire and (b) pitot tube additive constant
distributions in pipe flow for two different R+.

Fig. 10. Present (a) hot-wire and (b) pitot tube mean velocity distributions
in pipe flow.
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W ¼ Uþ � 1

j
ln yþ: ð21Þ

Fig. 9a and b shows the behavior of selected samples of the
local function W as defined by Eq. (21) versus the wall dis-
tance, y+, from the hot wire and the pitot tube, respec-
tively. A constant behavior of W was observed in the
region where the log law is valid and was considered for
an average calculation for the selected two cases as shown
in the figure.

In addition to the log layer, two different power layers
were observed over the wall distances y+ < 300 and
y+ > 0.25R+. The power law constants, i.e., the multiplica-
tion factor and the exponent, were found to be:

1. C = 8.92 and c = 0.1355 for y+ < 300 and C = 9.5 and
c = 0.124 for y+ > 0.25R+,

2. C = 9.05 and c = 0.1324 for y+ < 300 and C = 9.5 and
c = 0.124 for y+ > 0.25R+for the data obtained from
the hot wire and the pitot tube, respectively.
Please cite this article in press as: E.-S. Zanoun et al., Wall skin frict
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Utilizing the inner scaling variables, the normalized
velocity profile data in the pipe flow are presented in
Fig. 10a and b. The wall friction velocity, us, used for the
normalization was deduced from the mean pressure gradi-
ent measurements in the downstream part of the pipe test
section where a fully developed flow existed. The mean
velocity profiles were then normalized using the corre-
sponding shear velocity to yield U+ = U/us and the wall
distance with the viscous length scale to give y+ = y/lc.
All the hot-wire velocity profiles are presented in Fig. 10a
and compared with the scaling log law:

Uþ ¼ 1

0:38
lnðyþÞ þ 4:3 ð22Þ

and similarly the pitot tube velocity profiles in Fig. 10b
with:

Uþ ¼ 1

0:385
lnðyþÞ þ 4:45 ð23Þ
ion and mean velocity profiles of fully developed ..., Exp. Therm.
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good agreement in both Fig. 10a and b was observed over
the wall distance 300 6 y+

6 0.2R+. Hence, in case of the
pipe flow, the log line was found to represent well the pipe
data for R+ P 4.5 · 103. It was also observed that the hot
wire and the pitot tube results are about the same and the
effect of the mean shear gradient on the pitot probe mea-
surements is minimal if the inner limit of the log range of
the logarithmic velocity profile was taken as y+ P 300. It
is worth noting that the values of the log law parameters,
i.e., j and B, used in both Eqs. (22) and (23) are the aver-
age values over the present Reynolds number ranges,
i.e., 4.5 · 103 < R+ < 8.5 · 103, and 5 · 103 < R+ < 8.7 ·
103, for the hot wire and the pitot tube measurements,
respectively.
Fig. 11. The present and Nikuradse’s pipe friction data fitted to Eq. (24)
over a wide range of Reynolds numbers.
5. Wall skin friction and log law constants

Further processing of the pipe friction data provides
information about the constants of the logarithmic law of
the wall. It is worth mentioning that the logarithmic fric-
tion relation was deduced by Prandtl [27] based on the
assumption that the logarithmic velocity profile is valid
from the wall (i.e., y = 0) to the centerline of the pipe
(i.e., y = R). He claimed that the contribution of the differ-
ence in mass flux in the near-wall region can be neglected as
well as the difference in the core region, at least for
Re P 105, when predicted using the log law. Hence the gen-
eral form of the logarithmic friction relation was derived by
Prandtl [27] based on complete similarity of the mean
velocity profile in both the inner and outer flow regions
in the form of Eq. (9),

ffiffiffiffiffiffiffiffi
8=k

p
¼ ð1=jÞ lnðRe

ffiffiffiffiffiffiffiffiffiffi
k=32

p
Þþ

B� 3=2j. However, the deviation of the present mean
velocity data in the pipe flow from the log law was
observed under y+ = 300 (i.e., velocity overshoot) and also
in the core region (i.e., the velocity wake), see Fig. 10a and
b, resulting in significant error in the bulk flow velocity
(Ub) deduced from Eq. (8) when compared with the actual
bulk flow velocity. Consequently, the wall friction factor
(k = 8us/Ub) is over estimated when predicted by using
Eq. (9) as compared with the direct experimental friction
results.

In spite of the incorrect assumptions made to derive the
‘‘logarithmic friction relation’’, there is a claim that it
might be used to obtain accurate values for the constants
of the logarithmic velocity profile instead of carrying out
detailed measurements of the mean velocity distributions,
see, e.g., Zagarola and Smits [32]. They claimed that the
logarithmic friction relation, i.e., Eq. (9), can be used to
determine the von Kármán constant, j, after rearranging
it to take the following simplified form:ffiffiffi

1

k

r
¼ C1 log Re

ffiffiffi
k
p� �

þ C2; ð24Þ

where C1 and C2 are coefficients which may or may not be
Re dependent. The C1 and C2 constants were defined by
Zagarola and Smits [32] as follows:
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C1 ¼
1

2
ffiffiffi
2
p

j logðeÞ
;

C2 ¼
B

2
ffiffiffi
2
p � 1

j
log 4

ffiffiffi
2
p

2
ffiffiffi
2
p

logðeÞ
þ 3

4
ffiffiffi
2
p

" #
þ C3 � C4: ð25Þ
They postulated that Eq. (24) can be used to determine j
without the need to evaluate the slope of the mean velocity
profile over a limited range of the wall distance. It seems,
therefore, at first sight to be an interesting method to esti-
mate j from some integral flow parameters such as the bulk
Reynolds number and the mean pressure gradient. How-
ever, Eq. (24) was derived based on wrong assumptions
as was clarified and therefore it over estimates the value
of the von Kármán constant. As a result, the present
authors consider Eq. (24) as unappropriate method as it
was claimed to be used to determine an exact value for
the slope of the logarithmic velocity profile.

To clarify the above argument, the pipe’s friction data of
Nikuradse and the present pipe data were analyzed with
respect to the question of whether the logarithmic friction
relation can be used to derive accurately the constants of
the log law or not. Since the pipe data of Nikuradse [19]
provided a good basis of pipe’s friction data over a wide
range of Reynolds numbers, 3 · 103

6 Re 6 3.2 · 106, the
present authors reanalyzed them with respect to Eq. (24).
From the analysis of the current pipe data presented in Sec-
tion 4, the logarithmic velocity profile was found to be
superior for R+ P 4500 (i.e., Re P 2 · 105). Therefore,
Nikuradse’s friction data were plotted versus the Reynolds
number and fitted to Eq. (24) in Fig. 11 for the higher range
of Reynolds number data, i.e., 2 · 105

6 Re 6 3.2 · 106 to
determine both C1 and C2. The value of the constant C1

was estimated to be 1.93094, resulting in a value of 0.421
for the von Kármán constant, which is higher than the
value obtained by the present authors from the slope of
ion and mean velocity profiles of fully developed ..., Exp. Therm.



Fig. 12. Consistency check of the log law constants from both skin
friction and mean velocity data from channel results of Zanoun et al. [34].
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Nikuradse’s mean velocity profiles (j = 0.355). In a similar
way, the present data for 2 · 105

6 Re 6 4.5 · 105 were
also analyzed with respect to Eq. (24), resulting in
C1=1.92773, and therefore j=0.422 which is in good agree-
ment with the value obtained from Nikuradse’s pipe fric-
tion data, but it deviates from the value obtained from
the slope of the authors’ mean velocity profile, i.e.,
j = 0.38.

On the other hand, the deviation of the mean velocity
profile from the log law in the near-wall and core regions
of the channel flow is much weaker than that for the pipe
flow, see Zanoun et al. [34], and therefore their effects for
estimating the mass flux are much weaker. This suggests
that the log law may be valid much closer to the line of
symmetry of the flow in the case of the channel and conse-
quently it is applicable to be used to obtain the logarithmic
skin friction relation. This can be verified from Fig. 12,
which represents the channel skin friction data of Zanoun
et al. [34] used to obtain values for j and B. An outstanding
agreement between the values obtained by Zanoun et al.
[34] from the mean velocity profiles, j = 0.37 and
B = 3.7, and values obtained from skin friction data,
j = 0.3703 and B = 3.782, was observed as can be seen in
Fig. 12.
6. Conclusions and final remarks

The present work was carried out to re-examine the
extensive experimental data of fully developed turbulent
smooth pipe flows obtained by Nikuradse [19]. In order
to gain an insight into the accuracy of his results, the pres-
ent authors repeated some of his pitot tube measurements
and compared them with corresponding measurements
using hot-wire anemometry. The latter provided sufficient
spatial resolution in the direction perpendicular to the flow
and can therefore be considered best suited to obtain accu-
rate mean velocity measurements and also, to some extent,
Please cite this article in press as: E.-S. Zanoun et al., Wall skin frict
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accurate turbulence information. The friction factor data
of Nikuradse agree well with the present authors’ skin fric-
tion results. On the other hand, the corresponding hot-wire
mean velocity profile measurements show differences with
Nikuradse’s pitot tube measurements. The hot-wire mea-
surements showed that the slope of the logarithmic velocity
profile, i.e. the inverse of the von Kármán constant (j), is
inconsistent with the value deduced from the k(Re) mea-
surements performed by the authors as well as by Nikur-
adse [19]. Nikuradse’s pitot tube velocity data yield j and
B constants that are not reflected by their corresponding
pressure gradient measurements and when used they led
to an over prediction of the wall skin friction by at least
6%. However, it was observed that the hot wire and pitot
tube results are about the same and the effect of the mean
shear gradient is minimal if the inner limit of the log range
of the logarithmic velocity profile is y+ P 300. Further
work, no doubt, for higher Re with high resolution, precise
wall-distance measuring technique, and independent wall
skin friction data is needed to remedy the unsatisfactory
situation found in the literature regarding the pipe shear
flow, including the roughness effects.
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Ergeb. Aerodyn. Versuch. Göttingen IV. Lieferung, 18, 1932.

[27] L. Prandtl, Reibungswiederstand, hydrodynamische Probleme des
Schiffsantriebs, herausgeg, v. G. Kempf u. E. Förster 1932 S. 87; –
Neuere Ergebnisse der Turbulenzforschung, Z. VDI Bd. 77 (1933) Nr.
5 S. 105; – Ergebnisse der Aerodynamischen Versuchsanstalt Göttin-
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